In this paper a eld theoretical approach is used in the description of the properties of ionic solutions near a charged wall. The di erences with the Gouy-Chapman theory are emphasized both near the point of zero charge and for high values of the charge. At the point of zero charge we are getting a maximum instead of a minimum and at high charge densities we observe a saturation in the capacitance values instead of a continuous increase. The results are very sensitive to the asymmetry of ions which is expected in real systems. Our approach seems to be a good starting point for investigating various phenomena at charged interfaces and in the bulk of ionic solutions.
Introduction
The main goal of standard statistical mechanics is to describe the macroscopic properties of systems in terms of quantities which are de ned at the microscopic level { the intermolecular potentials. In order to do that several starting points, in principle equivalent, can be used. For instance, we can start from the grand canonical ensemble and derive from it the so-called integral equations. They have been very successful in describing the properties of hard sphere uids or the structure of ionic solutions, see, for example, 1]. Another choice consists in starting from the density functional theory which asserts that the equilibrium distribution of particles corresponds to the minimum of an appropriate free energy functional. This approach has been extensively used to describe interfacial properties including the wetting phenomena 2]. For the given system de ned at a microscopic level, each description requires some assumptions that can be veri ed by comparison with numerical simulations (Monte-Carlo or molecular dynamics).
When we deal with complicated systems it may turn out too ambitious to try to have a description in terms of intermolecular pair potentials. This is particularly true when we attempt to investigate the structure of membranes or micellar solutions. In these cases we have to consider a mixture of several entities for which the pair potential is not very well known and, moreover, we do not know whether a description in terms of pair potential is accurate enough. As another example we may consider the ideally polarizable electrode which is the simplest metal-solution interface, since in the stationary regime no electrical current crosses the interface. To describe real experiments we have to know the interfacial electronic structure of the c J.Sta ej, A.Ekoka, Z.Borkowska, J.P. Badiali, 1997 ISSN 0452{9910. Condensed Matter Physics 1997 No 12 (51{62) 52 J.Sta ej, A.Ekoka, Z.Borkowska, J.P.Badiali electrode, the perturbation of it induced by the solution side, the adsorption of molecules or ions onto the metallic interface and the details of the ionmolecule interaction in order to describe the solvation of ions. In addition, we know that interfacial properties are nonlinear functions of the interfacial potential or the charge on the metal. Of course, it is possible to treat the above problems separately and to perform a comparison with simulations for the isolated problem independently of the other problems. Nevertheless, at the end we will have to restore the coupling between several parts investigated separately. From the late 50-ies starting with the work of Watt and Mott-Tobin, the so-called molecular models were developed in which the overall interface has been studied [3] [4] . These models contributed to a substantial progress in understanding the electri ed interface. However, these models include several parameters and, in general, di erent models can describe the same experiments equally well. As a consequence, it is di cult to assess the validity of a particular microscopic model from experimental data. Evidently, more direct measurements of interfacial properties are needed to validate these models.
In recent papers another approach has been proposed [5] [6] [7] [8] . It is less ambitious than those discussed above. The general philosophy behind it is the following. Since the description of a speci c experiment is a di cult task it should be more simple to consider a collection of many experiments, to observe gross features common to some classes of the experiments and then to investigate if we can reproduce these general features by using very general physics. In other words, can we predict di erent kinds of behavior for the interface just by considering some well-known ingredients in physics ? Behind this approach another question emerges { what kind of information we can really get from the experiments? In this paper we will work in this direction in order to study some aspects of the ionic adsorption at a charged interface.
When we investigate the properties of charged interfaces, the GouyChapman theory remains up to now an indispensable tool in the interpretation of experimental data. The more sophisticated and up-to-date theories (MSA, HNC, : : :) 9] have never acquired its signi cance. This is due to the fact the Gouy-Chapman theory (or equivalently the Poisson-Boltzmann theory) is based on simple and intuitive arguments. However, the GouyChapman theory itself is not able to account for the experimental data especially in concentrated electrolyte solutions. For this reason it was completed by Grahame 10] with the notion of the compact or inner layer rst introduced by Stern 11] . In what follows we will try to stay as close as possible to the spirit in which the Gouy-Chapman theory was initially derived. As we shall see, the approximations introduced in our extension of the Gouy-Chapman theory are simple and have a well-de ned physical meaning. They are also su cient to obtain a lot of di erent behaviors for the electrical properties, of the interface. Some of these properties not accounted for by the Gouy-Chapman theory, were previously associated with the speci c ionic adsorption. This paper is arranged as follows. In section 2 we brie y summarize the eld theoretical approach which we use and discuss the meaning of the coupling constants which appear in the Hamiltonian. In section 3 we describe some analytical results concerning the di erential capacitance of the interface. They clearly show deviations from the Gouy-Chapman theory. In section 4 we analyze some predictions of our model. Conclusions and perspectives are presented in section 5. in which F irr contains a charge independent part of the free energy. We expect that the integral which appears in (2.2) contains the main features of the charge dependence while the Hamiltonian H e + (r); ? (r)] retains a very transparent physical interpretation. We have no strict proof that this is possible but we know that the equivalence between a eld theoretic approach and the standard statistical mechanics has been already established in given conditions from which the ionic screening has been derived. Moreover, a contact between a eld theoretic approach and the standard liquid state theory has been already presented. As we shall see below, we may also expect the validity of such an approach because it allows one to derive some standard results as the Non-Linear-Gouy-Chapman (NLGC) theory [6] [7] in a simple way. In particular, we may expect that such an approach is justi ed when one length is dominating compared to the other ones; this is the case at very low ionic concentrations when the Debye length is large compared to the size of the ionic core. To our knowledge, a similar approach using a Landau type Hamiltonian has been already proposed for bulk ionic solutions by Nabutovskii et al 12] and after that by Hoye and Stell 13] . But in these two cases the authors focus on the critical regime in the bulk phase.
The meaning of the integral in (2.2) is the following. We select arbitrary values for the elds + (r) and ? (r) at each point of a cubic grid (r i ) in the interface which formally extends to the solution halfspace away from the wall. In general, the Hamiltonian H e + (r i ); ? (r i )] may be a complicated function of a set of values of the both elds at all the points of the grid. The function describes the coupling of the elds with themselves locally, at a given point, as well as non locally at two or more di erent points. In the functional integral we integrate the Boltzmann factor varying the eld values at each point of the grid independently and then proceeding to the continuous limit. Considering the above form we may say that we are investigating a system in which there is a dominating length. For dilute solutions it is the Debye length. The other lengths are small compared to it and the spatial dependence of short range interactions or correlations can be conveniently represented by the Dirac function (r). This does not imply that we are treating point particles. Such an approach has been already used in order to describe the long range properties of polar uids 14]. Now we see that the coe cients a ij determine the magnitude of the short range correlation in the system.
It is noteworthy that the coe cients a ij are speci c of a given ionic solution. Accordingly, they also determine the properties of the bulk solution.
If we cancel the external eld i.e. the charged wall which originates the inhomogeneity in the system, then H eff + (r); ? (r)] can be used for describing the structure of the ionic solution. Clearly, the coe cients a ij now determine the deviation from the Debye-H uckel theory. It is easy to show that they are related to the non-coulombic part of the activity coe cient calculated in the mean eld theory. This might represent one route from which they can be related to the microscopic description of the system. If we want to recover the Gouy-Chapman theory which is exact at innitely low concentrations, we can see from (2.8) that a ++ , a ?? and a +? must be concentration dependent. Since the quadratic uctuations are not primarily related to the electrostatic e ects for which a non-analytic behavior is expected, the simplest choice consists in assuming that these coecients are proportional to the ionic concentration. We will write a ij = b ij where we may assume that ij is concentration independent, at least, at very low concentrations. Of course, the magnitude of the coe cients ij is also determined by the ion-solvent interaction. The di erence a ++ ? a ?? (or ++ ? ?? ) gives an indication of the asymmetry between ions.
Analytical results
The expression for the di erential capacitance C has been already estab- If we are in more concentrated solutions, C 0 and C 0 0 are still given by (3.2) and (3.3), but the extremum on the C( ) curve observed for symmetric ions at the zero charge on the wall can be a maximum, as well as a minimum. At the maximum it is rather di cult to change the potential changing the charge density in contrast to the case when we have a minimum. For asymmetrical ions we may observe a given nite slope at zero charge instead of an extremum. These results are illustrated in gures 1 and 2. We will discuss the two gures in more detail later. The above limits are nite for a ++ > 0 and a ?? > 0. Then the model leads to a saturation for the values of the capacitance. When ! +1 the structure of the interface is mainly determined by the anions, as expected. Moreover, if ?? is concentration independent, then the asymptotic value of the capacitance is also concentration independent. A change in the charge density produces the change of the interfacial potential V by V = p ?? = e 2 . We see that the larger is a ?? , the larger will be V , and the smaller the limiting capacitance. The relations (3.4) and (3.5) also show that the interfacial free energy behaves like 2 , which is more realistic than the 3 asymptotic dependence observed in the Gouy-Chapman theory. If we compare (3.1) with (3.4) and (3.5), we can see that g + 0 ? g ? 0 behaves like , while in the non-linear Gouy-Chapman theory it behaves like 2 . Here, on the contrary, the GouyChapman theory is more accurate.
In order to conclude this part we see that we have a very simple model including short range correlations between ions. They are represented by quadratic terms in the Hamiltonian which is the simplest correction that we can imagine. In this respect we can say that the functional form of H eff + (z); ? (z)] is universal. All the speci cities of the problem are localized in the three coupling constants a ij , i; j = + or ?. With the same Hamiltonian H eff + (z)); ? (z)] we are able to produce di erent kinds of behavior just by changing the magnitude of parameters a ij . At very low ionic concentrations our model is identical with the NLGC theory. From now on we shall refer to it as GGCM (Generalized Gouy { Chapman Model)
Ionic adsorption
Speci c ionic adsorption is assumed to exist whenever the surface excess of a given ion is greater than that predicted by the Gouy-Chapman theory 15]. So the validity of this theory is crucial in the investigation of ionic adsorption at electrodes. In order to obtain the ionic pro les and the capacitances as a function of charge density we have to solve equations (2.9-2.11). As already mentioned, the Gouy-Chapman theory plays a major role in the analysis of the experimental data. The Gouy-Chapman capacitance C GC is related to the Debye length and does not contain any speci c properties, in particular, { no interfacial properties. Thus, to get some interfacial data we have to compare C GC and the experimental capacitance C exp . It is generally assumed that the overall interface can be described by two capacitances in a series model and we write 1
where C i represents the so-called inner layer capacitance. For electrochemists it is C i that contains the information about the interface (the typical order of magnitude of C i is between 0.1 and 1 Fm ?2 ). In fact all the information relative to C i depends on the validity of the Gouy-Chapman theory in the domain of ionic concentrations and charges which are investigated.
Clearly, if we use C GGC instead of C GC in (4.1), then we may nd a totally di erent behavior concerning C i . For example, for high values of we have a very high value of the Gouy-Chapman capacitance, as shown in the gures, then C ?1 GC may be totally negligible compared to C ?1 i and the experiment gives us C exp C i . When saturation is observed in our model then C GGC C GC and C GGC can contribute to C exp while the contribution of C GC is negligible.
To illustrate another aspect of our results let us consider the traditional ideally polarizable electrode, but in which the di use layer is given by GGCM. This means that the experimental capacitance should be described by 1
From the traditional approach, i.e. by using (4.1) we will introduce an e ective inner layer capacitance, C eff i
, de ned according to 1
For a given value of the charge, at extremely low ionic concentration there is no signi cant deviation between C e i and C i . For moderate values of the concentration, and particularly for non-symmetrical ions, a large di erence between C e i and C i appears. We will recover C e i C i at very high concentrations if C GGC and C GC are large enough compared to C i . Thus, the traditional analysis may lead to erroneous conclusions if there are noticeable deviation from the Gouy-Chapman theory. Let us emphasize that the deviation investigated in this paper is a consequence of the bulk solution properties and cannot be attributed to any speci c interfacial phenomena.
Conclusions
In addition to the hamiltonian which gives rise to the Non-Linear GouyChapman theory we have introduced some terms quadratic in the elds. They take into account the existence of short range correlations. The magnitude of these correlations is represented by three coupling constants a ij , i; j = + or ? which contain all the speci c behavior of the system i.e. the non-coulombic interaction between ions, the e ect of the solvent and temperature. Just by changing the magnitude of these parameters we describe a variety of behaviors for the capacitance dependence on the charge density. Qualitative di erences with the Gouy-Chapman theory appear both near the point of zero charge and for high values of the charge. At the pzc we may obtain a maximum or a nite slope instead of a minimum and at high charge densities we observe a saturation in the capacitance values instead of a continuous increase. The results are very sensitive to the asymmetry of ions which is expected in real systems. For asymmetric ions the capacitance extremum does not correspond to the pzc and a minimum at pzc is found only when the concentration approaches zero. It is interesting to note that this kind of behavior is generated by the bulk properties and not by any speci c interfacial phenomena.
Our approach seems to be a good starting point for investigating a lot of phenomena occurring at charged interfaces or in the bulk of ionic solutions. At charged interfaces we may investigate more sophisticated hamiltonians which are able to describe speci c interfacial phenomena as, for instance, the existence of interfacial phase transitions. Some results in this eld are being prepared. In parallel, the formalism can be useful for studying the criticality in ionic solutions, some progress in this direction is expected.
